We consider a general Fibonacci quasicrystal ͑FQC͒ in which both the masses and the elastic constants are aperiodically arranged. Making use of a suitable decimation scheme, inspired by real-space renormalizationgroup concepts, we obtain closed analytical expressions for the global transfer matrix and transmission coefficient for several resonant critical normal modes. The fractal structure of the frequency spectrum significantly influences both the cumulative contribution of the different normal modes to the thermal transport and the dependence of the thermal conductivity with the temperature over a wide temperature range. The role of resonant effects in the heat transport through the FQC is numerically and analytically discussed.
I. INTRODUCTION
The discovery of thermodynamically stable quasicrystalline alloys of high structural quality in icosahedral 1 and decagonal 2 systems has opened promising avenues in the study of the physical properties of quasicrystals ͑QCs͒, 3, 4 allowing for detailed experimental studies of their related transport properties.
The thermal conductivity (T) of several QC samples, covering different temperature ranges, has been measured, and the following general conclusions can be drawn from the collected data. In the first place, the heat transport is unusually low. For example, in AlPdMn icosahedral phases the thermal conductivity at room temperature is comparable to that of zirconia (1 W m Ϫ1 K Ϫ1 ), and this value decreases to about 10 Ϫ4 W m Ϫ1 K Ϫ1 below 0.1 K. 5 In the second place, the contribution of electrons to the thermal transport is, at least, one order of magnitude lower than that due to phonons over a wide temperature range (0.1 KрT р200 K). 6 In the third place, the overall behavior of the thermal conductivity is quite sensitive to the microstructure of the sample. Thus, for polygrained samples, the lattice thermal conductivity monotonically increases with T, showing a marked tendency to saturation for temperatures above 10-20 K, and exhibiting a characteristic plateau extending from about 25 to 55 K. 7 On the contrary, the lattice thermal conductivity of single-grained samples first increases with increasing T, it reaches a shallow maximum at about 20 K, and then smoothly decreases with further increasing T. 7, 8 At first glance, it would be tempting to say that the thermal behavior of polygrained QCs is similar to that observed in amorphous materials; meanwhile the thermal conductivity curve of single-grained QCs resembles that observed in crystalline materials. However, a closer scrutiny of the obtained experimental curves reveals the existence of significant quantitative differences. In fact, the thermal conductivity of most amorphous materials is characterized by two main features: ͑a͒ Below 1 K the thermal conductivity can be fitted by a power law ϭAT ␦ , with 1.8р␦р2.0, and ͑b͒ around 10 K one finds a plateau exhibiting a constant value Ӎ0.1-0.2 W m Ϫ1 K Ϫ1 . 9 Keeping these facts in mind, we realize that, in polygrained QCs, the plateau occurs at substantially higher temperatures than those typically observed for amorphous solids. Furthermore, in the low-temperature regime the thermal conductivity drops below the corresponding amorphous value, obeying a power law given by an exponent ␦Ӎ2.5. 6 In addition, the thermal conductivity curve of single-grained QCs exhibits a well-defined maximum at about 20 K, but this maximum is followed by a shallow minimum, located between 50 and 90 K, which is not observed in the usual crystalline samples. 7, 10 Consequently, experimental results indicate the existence of both common features and significant differences in the thermal conductivity among polygrained QCs and amorphous solids, on the one hand, and single-grained QCs and crystalline solids, on the other hand. From a theoretical point of view the fundamental question concerning whether the purported anomalies in QC transport properties should be mainly attributed ͑or not͒ to the characteristic quasiperiodic order of their structure is still awaiting a definitive answer. Thus, it has been argued that the thermal conductivity behavior observed in polygrained QCs at the low-temperature range (0.35 KрTр1.6 K), may be attributed to the phonon scattering by tunneling states, whose possible existence in AlPdMn QCs has been recently claimed from ultrasound experiments. 11 On the other hand, in the regime of intermediate temperatures, the plateau-type feature in the lattice thermal conductivity has been justified by invoking a generalization of the umklapp process to describe the scattering among phonons and the quasilattice structure. 10 Finally, at higher temperatures, a phonon-assisted hopping mechanism has been proposed to act over hierarchically distributed hopping distances. 12 However, a general consensus on the relative importance of the different proposed mechanisms, as well as on their respective range of applicability, is still missing.
In this work, we will propose a general Fibonacci QC ͑FQC͒ in order to investigate the influence of the singular phonon spectrum structure on the thermal properties of onedimensional ͑1D͒ quasiperiodic systems. In this way, we complement some of the few results previously obtained on the subject, 13 providing substantial support to the thermodynamical implications associated with the peculiar nature of fractal energy spectra.
14 To this end, we first discuss the major features of our general model as compared to previous models considered in the literature. Afterward, we report on the general structure of the frequency spectrum, showing that its overall fragmentation scheme can be properly described in terms of resonant coupling effects. Next, we consider the physical nature of the phonon states, reporting on the richness of the physical behaviors exhibited by the different kinds of critical normal modes present in the quasilattice. Then, we study the contribution of the different normal modes to the thermal energy transport, and report on the presence of resonant effects in the thermal coefficient behavior. Finally, we consider the temperature dependence of the thermal conductivity curve, and compare the obtained curves with suitable experimental results of high-quality quasicrystalline samples.
II. MODEL
In our study we consider a harmonic chain composed of two kinds of masses, m A and m B , which are arranged according to the Fibonacci sequence, and two kinds of springs, K AA and K AB ϭK BA , depending on the type of joined atoms. In this way, the quasiperiodic distribution of masses in the system induces an aperiodic ͑non-Fibonaccian͒ distribution of spring constants in the chain. This characteristic feature is physically sound since, generally speaking, one expects that the nature of the chemical bonding between the different atoms ͑and thereof the value of the spring constant representing the bond͒ will depend on the nature of the involved atoms. In this sense, our FQC model is both more general and simpler than most of the systems previously discussed in the literature. [15] [16] [17] [18] [19] [20] [21] Making use of the transfer-matrix formalism the equation of motion can be cast in the form
where u n is the displacement of the nth atom from its equilibrium position; m n , with nϭA,B, is the corresponding mass, K n,nϮ1 denotes the strength of the harmonic coupling between neighbor atoms, is the vibration frequency, and a n ϵK n,nϪ1 ϩK n,nϩ1 Ϫm n 2 . The allowed regions of the frequency spectrum are determined from the usual spectral condition
where M (N,) is the global transfer matrix, and NϭF n is the number of atoms in the chain, where F n is a Fibonacci number obtained from the recursive law F n ϭF nϪ1 ϩF nϪ2 , with F 0 ϭF 1 ϭ1. From these figures we can draw the following conclusions: ͑i͒ The frequency spectrum shows a pentafurcation scheme, characterized by the presence of five main subbands separated by well-defined gaps. Therefore, the overall structure of the FQC phonon spectrum differs from those observed both for transfer models ͑three main subbands͒ and on-site models ͑four main subbands͒. ͑ii͒ At low and intermediate frequencies (0рр2), the minima of the Lyapunov coefficient take significantly low values. Conversely, starting about ϭ2 we realize that these minima monotonically increase with . Such a behavior suggests that the high-frequency phonons are more localized than the lowfrequency ones. ͑iii͒ Most of the low-frequency phonons exhibit transmission coefficients close to unity. On the contrary, starting about ϳ1.5, we observe that, as the phonon frequency increases, the values of the corresponding transmission coefficients progressively decrease. Nevertheless, superimposed onto this general trend, we also find a few high-frequency phonon states exhibiting transmission coefficients significantly close to unity. We will study some of these states in more detail in Sec. IV.
We have confirmed that the overall structure of the frequency spectrum, as determined by the three features just described, does not significantly depend on the values adopted for the different model parameters. In addition, we have measured the heights of the characteristic steps appearing in the IDOS for a wide range of N, ␣, and ␥ parameters. The measured heights yield the same values for all the model parameters considered. These values agree within an error less than 0.1% with the series 3 : 4 : 3 : 4 : 3 , ordered according to growing frequencies, where ϭ(ͱ5Ϫ1)/2 is the inverse golden mean. This result agrees well with the gap labeling theorem which states that at any gap of the energy spectrum in a quasiperiodic system the IDOS takes a value equal to the wave number of one of the Fourier components of the modulation potential. 24, 25 Now, from a physical perspective the fragmentation scheme of the frequency spectrum can be interpreted in terms of resonant coupling effects involving an appropriate set of normal modes. In fact, in the light of previous works, 26, 27 the original Fibonacci chain will be decomposed into a series of trimers and tetramers of the form BAB and BAAB. The number of trimers present in the chain, n BAB , equals the number of isolated A atoms. Analogously, the number of tetramers coincides with the number of AA pairs. Then, in the thermodynamic limit we have the well-known limits lim(n BAB /N)ϭ 4 and lim(n BAAB /N)ϭ 3 . Now, neglecting the trivial translation modes 0 ϭ0, each trimer, if considered as an independent dynamical system, contributes with two different normal vibration modes, whose respective frequencies are given by
and, analogously, each tetramer contributes with three different normal modes given by
where ϵ(1ϩ␣ Ϫ1 )/2. Hence, we have five normal modes describing the fundamental dynamical state of the FQC. If we assume that these normal modes are resonantly coupled in a way analogous to that discussed in the study of the electronic problem, 26, 27 we can asign the origin of every main subband appearing in the frequency spectrum to a specific normal mode belonging to the set given by the expressions ͑4͒. Such a procedure is illustrated in Fig. 3 and we realize that the lower-frequency region of the spectrum ( Ͻ1) contains two main contributions: the lowest-frequency contribution (р0.5), which is related to the tetramers normal mode a ͑contributing with 3 states͒, and the frequency interval 0.5рр1, which is related to the trimers normal mode b ͑contributing with 4 states͒. Therefore, although both subbands are separated by a quite narrow gap, their origin can be traced back to the dynamics of quite different vibrating blocks in the FQC.
IV. NATURE OF THE PHONON STATES
From a mathematical point of view the nature of a state is determined by the measure of the spectrum to which it belongs. Consequently, since it has been proved that Fibonacci lattices have purely singular continuous spectra, 22 we can properly state that all the states are critical in these systems. However, this fact does not necessarily imply that all these critical states behave in exactly the same way from a physical viewpoint. In fact, the possible existence of critical extended states in several kinds of aperiodic systems, including both quasiperiodic [28] [29] [30] [31] and nonquasiperiodic ones, 32 has been discussed in the last few years, spurring interest in the precise nature of critical wave functions and their role in the physics of aperiodic systems. 33 From a physical viewpoint, states can be classified according to their transport properties. Thus, conducting states in crystalline systems are described by periodic Bloch states, whereas insulating systems exhibit exponentially decaying wave functions corresponding to localized states. In this sense, since the amplitudes of critical states in a Fibonacci lattice do not tend to zero at infinity, but are bounded below throughout the system, 34 one may expect their physical behavior to be more similar to that corresponding to extended states than to localized ones. In fact, in the case of the electron dynamics, we have shown that critical states belonging to a subset of the spectrum of a general Fibonacci chain are extended from a physical point of view. 35 In this section we will study the transport properties of phonon states belonging to the frequency spectrum of the FQC as measured by their related transmission coefficients. Our approach [35] [36] [37] is based on the transfer-matrix technique, where the dynamical equation ͑1͒ is described by the following transfer matrices: FIG. 3 . Correspondence between the main subbands in the frequency spectrum of a Fibonacci quasicrystal with Nϭ610, ␣ϭ2, and ␥ϭ2, and the normal modes associated with the trimers and tetramers introduced in our renormalization scheme.
The key point of our procedure consists in the fact that we renormalize the entire set of transfer matrices instead of the lattice itself. Making use of these matrices, and imposing cyclic boundary conditions, we can translate the atomic sequence ABAAB . . . describing the topological order of the FQC to the transfer-matrix sequence XZY XZY XWXZY XW . . . describing the phonon dynamics. By renormalizing this transfer-matrix sequence according to the blocking scheme R A ϵZY X and R B ϵWX, we get the considerably simplified sequence R B R A R A R B R A . . . . The renormalized transfer-matrix sequence is also arranged according to the Fibonacci sequence and, consequently, the topological order present in the original FQC is preserved by the renormalization process. The R matrices are unimodular ͑i.e., their determinant equals unity͒ and they commute for certain frequency values. In fact, after some algebra we get
͑6͒
which vanishes for the frequencies given by the expression
For these frequencies the global transfer matrix of the system, M (N)ϵR A n A R B n B , with n A ϵF nϪ3 and n B ϵF nϪ4 , can be explicitly evaluated in terms of Chebyshev polynomials of the second kind. 38 In this way, given any arbitrary FQC, we are able to obtain a subset of its frequency spectrum whose eigenstates can be analytically studied. A detailed study of the critical normal modes corresponding to the particular case ␥ϭ1/2 has been recently discussed. 39 In this case the commutation frequency becomes independent of the values assigned to the mass distribution in the FQC. If we choose the values for the masses in such a way that their ratio satisfies the relationship ␣ϭF nϪ1 /F nϪ2 , we get a transparent state with tϭ1. Nonetheless, the power spectrum of this extended critical normal mode reveals that it still preserves a significant degree of quasiperiodic order in its inner structure.
Another set of interesting particular cases is obtained when the resonance frequency given by expression ͑7͒ coincides with some of the normal modes of the different trimers or tetramers given by expressions ͑4͒. The resonance conditions we are interested in are satisfied by those FQCs whose parameters verify one of the following relationships:
with ␥ 1/2. The condition *ϭ c can only be fulfilled in the trivial periodic case ␣ϭ1. As a suitable illustrative example, in Fig. 4 we show the overall structure of the frequency spectrum for a FQC with Nϭ610 and ␣ϭ␥ϭͱ3/3 in terms of the transmission and Lyapunov coefficients. By inspecting this figure one can realize that a significant fraction of the allowed states exhibit high values of the transmission coefficient. In addition, the presence of these states is not restricted, as is usual, to the lower-frequency region of the spectrum (р1), but they are also present in the intermediate-(1рр2.5) and even at the high-frequency (Ӎ4) regions. Let us consider the case *ϭ b ϭͱ3 in more detail. According to the Cayley-Hamilton theorem, we can express the global transfer matrix in the closed form Several conclusions can be drawn from expression ͑10͒. First, we observe that the transmission coefficient remains always bounded below for any value of the lattice length, a fact which proves the extended nature of the corresponding state in the quasiperiodic limit. Second, we can make use of expression ͑10͒ to evaluate the transmission coefficient for different lattice lengths. The obtained results are summarized in Table I . By inspecting this table it can be readily noticed that the transmission coefficient ͑i͒ can only take on four different possible values, ͑ii͒ these values repeat according to a 12-fold period, and ͑iii͒ it is possible to find FQCs able to support states satisfying the transparency condition tϭ1. To this end the system length should satisfy the condition sin 2 (N)ϭ0, which implies Nϭ7n B ϩ6l, l being an arbitrary integer. It can be rigorously proved that Fibonacci systems satisfying that condition are determined by the sequence NϭF 7ϩ12k , with kϭ0,1, . . . . 40 In this way, we realize that the transport properties of a normal mode vibrating at the resonance frequency *ϭͱ3 significantly depend on the lattice length. In fact, the value of its transmission coefficient oscillates periodically between the extreme values t max ϭ1 and t min ϭ0.232 97 . . . . A family of states exhibiting a similar behavior has been recently found in the electronic energy spectra of Koch fractal lattices. 36 In that work these kinds of states were tentatively referred to as almost transparent ones, and it was argued that their related transport properties may be more similar to those corresponding to the usual transparent states than to localized ones. The finding of analogous states in the frequency spectra of the FQCs considered in this work provides another example of the richness and diversity of the physical behaviors associated with critical states in aperiodic systems.
V. THERMAL CONDUCTIVITY
Heat transport can be described in terms of the phenomenological relationship ͑Fourier's law͒
JϭϪٌT, ͑11͒
where J is the heat flow, is the thermal conductivity, and ٌT is the temperature gradient. The question as to whether the heat conduction of a one-dimensional system obeys Fourier's heat law is yet an open problem. As a general appreciation, it can be said that the validity of Fourier's law cannot be guaranteed a priori, although it accurately describes the thermal behavior of certain particular systems. 41 Thus, it has been reported that the heat conduction through a Fibonacci-Toda lattice obeys Fourier's law. 42 Consequently, we will assume, as a suitable working hypothesis, that Fourier's law provides an adequate phenomenological description of heat transfer in FQCs.
A. Contribution of the different modes
In order to ascertain the influence of the fragmented nature of the phonon spectrum on the thermal transport properties of FQCs, in this section we shall study the thermal conductivity by considering the contribution of the different modes to the energy transport. To this end, we will consider the lattice in thermal contact with two reservoirs at different temperatures T 1 and T N (T N ϾT 1 ). The thermal flow through the lattice can be described by means of the expression 43 JϭϪc͑T N ϪT 1 ͒K, ͑12a͒
where cӶ1 is an appropriate factor measuring the time interval between collisions at the reservoirs ͑effective viscosity͒, and
where ,n ϵͱm n u ,n , and u ,1 and u ,N are the amplitudes of the th mode at the lattice ends. By comparing expressions ͑11͒ and ͑12͒ we observe that the coefficient K is proportional to , and provides us with pertinent information about the contribution of each vibration mode to the thermal conductivity value. The applicability of expression ͑12b͒ to the study of the lattice thermal transport in periodic onedimensional chains has been recently reviewed by Frizzera et al., 44 concluding that both low-and high-frequency modes do not appreciably contribute to the thermal transport.
Our results for the quasiperiodic FQC are presented in Fig. 5 , where we compare the behavior of the thermal coefficient K with the overall structure of the phonon frequency spectrum. The curve for K displays the cumulative contributions to the thermal conductivity as a function of the mode frequency and exhibits a series of steps separated by welldefined plateaus, corresponding to the main gaps of the phonon spectrum. The slope of the steps is determined by the successive contributions of the different modes comprised within the corresponding allowed subbands. In this way, we realize that the fragmented nature of the frequency spectrum is reflected by the stepped behavior of the thermal coefficient. In addition, we observe that the main contribution to the final value of the thermal coefficient is provided by the modes comprised in the intervals 0.5ϽϽ1.1 and 1.2Ͻ Ͻ2.3; meanwhile the contribution due to both lower ( Ͻ0.5) and higher (Ͼ2.6) frequencies is only a subsidiary 
FIG. 5.
Comparison between the thermal coefficient K and the overall structure of the frequency spectrum for a Fibonacci quasicrystal with Nϭ610, ␣ϭ1.2, and ␥ϭ0.9 as given by the transmission and the Lyapunov coefficients. The K curve is given in arbitrary units, and it has been properly scaled to make the comparison with the other magnitudes easier.
one, in qualitative agreement with the general behavior previously purported for periodic systems. 44 In our quasiperiodic case, the significant level off of the K curve for highfrequency modes clearly indicates that these modes should not play a significant role in the thermal transport of FQCs, even if one takes into account the relatively high values of their related transmission coefficients, as reported in Fig. 5 .
We shall now consider the behavior of the thermal coefficient under the resonance conditions discussed in the previous section. Such a behavior is illustrated in Fig. 6 for three different FQCs, exhibiting the resonance frequencies *ϭ2, *ϭ a ϭ1Ϫͱ3/3, and *ϭ b ϭͱ3, respectively. The overall stepped structure of the curves is similar to that shown for a typical FQC in Fig. 5 . However, a closer inspection reveals that the K curve significantly grows and steepens around the values corresponding to the resonance frequencies ͑vertical dashed lines in Fig. 6͒ . This feature indicates that, under resonance conditions, the value of the thermal flow through the lattice is significantly influenced by the normal vibration modes located around the resonance frequencies *.
B. Finite-temperature effects
In order to obtain realistic outcomes from the model it is convenient to include finite-temperature effects. To this end, we will make use of the following expression for the thermal conductivity ͑expressed in k B 2 /ប units͒:
where k B is the Boltzmann constant, * is a threshold frequency related to the Debye temperature as ⌰ ϭប*/k B , n(,T) is the Bose-Einstein distribution, and t(N,) is the transmission coefficient.
Making use of Eq. ͑13͒ we have obtained the temperature dependence of the thermal conductivity by numerical integration. In Fig. 7 we compare the thermal conductivity for two kinds of Fibonacci quasilattices. In both cases we appreciate a similar behavior, defining four different temperature ranges: a low-temperature region ͑I͒ characterized by a steeped increase of with T and a well-defined thermal conductivity maximum in region II, followed by a marked decrease in thermal conductivity in the intermediate temperature region ͑III͒, which tends to an asymptotic behavior in the high-temperature limit ͑IV͒. We also note that the overall thermal conductivity ͑as measured by the area under the corresponding curve͒ is significantly higher for the simplest onsite model than for the more realistic FQC. This result is in line with the purported low thermal conductivity observed in quasicrystalline samples.
It is worthwhile to mention that the qualitative behavior of these curves is remarkably similar to that recently reported for some high-quality icosahedral, monograined QCs. 6, 7 However, this analogy should not be pushed too far. In fact, in crystalline specimens the characteristic low-temperature peak arises from the competition between the exponential decay of umklapp processes with decreasing temperature and the onset of boundary scattering at very low temperatures. Since none of these physical mechanisms have been explicitly included in our treatment, the behavior of the thermal conductivity curves shown in Fig. 7 should more properly be attributed to the fractal structure of the frequency spectrum.
C. Analytical expressions
In order to ascertain such a possibility analytically we will assume that, in the quasiperiodic limit (Nӷ1), the transmission coefficient can be roughly approximated by a selfsimilar Dirac comb given by the expression where i measures the strength of the ith transmission peak and i gives its position in the frequency spectrum. Making use of Eq. ͑14͒ in Eq. ͑13͒, and taking into account that in the quasiperiodic limit 1Ϫt(N,)Ӎ1, we get
where we have explicitly assumed that only the modes associated with high values of the transmission coefficient ( i →1) significantly contribute to the thermal conductivity ͑hence NЈϽN), and we have defined
with uϭប/k B T. This expression is analogous to that previously obtained for the thermal coefficient K, in the sense that it gives the thermal conductivity as a cumulative contribution which takes into account the different normal modes present in the lattice. At this point it is convenient to rearrange expression ͑15͒:
where
Since the Debye temperatures of most QCs studied to date exhibit quite high values ͑in the range 400р⌰р500), 47, 48 we can confidently approximate expression ͑17͒ by its high-temperature limit expansion
where we have introduced the auxiliary functions
In this way, the variation of the thermal conductivity with the temperature is determined by the superposition of a series of functions given by expression ͑19͒. For a given value of the frequency i , the behavior of each of these functions is completely analogous to that shown in Fig. 7 , although the position of the maximum depends, in each case, on the frequency value according to the relationship T max ϭ⌰ i /2*. Therefore, expression ͑18͒ allows us to precisely analyze the contribution of each normal mode present in the lattice to the thermal conductivity at a given temperature.
As an example, we shall consider the case corresponding to the resonance frequency *ϭ2 (ϭͱ2). In that case the most significant contribution to the thermal conductivity comes from those normal modes located around the resonance frequency ͑see Fig. 6͒ . Therefore, we can confidently expect that the position of the thermal conductivity maximum will be mainly determined by the normal mode corresponding to the resonance frequency ϭͱ2. By taking the derivative of expression ͑18͒, the position of the maximum can be estimated in terms of physical parameters of the system as
Although this expression is just a rough approximation, by plugging the values K AB ϭ10 3 dyn cm Ϫ1 , and m A ϭ10 Ϫ23 g as representative ones, we get T max Ӎ40 K. This figure compares well with the experimental values obtained for high-quality, monograined quasicrystalline samples.
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VI. CONCLUSIONS
In this work we have considered the thermal transport properties of FQCs, paying special attention to the possible influence of the singular nature of their phonon frequency spectrum on the thermal conductivity. With this goal in mind, we have studied in detail the physical mechanisms giving rise to the fractal structure of the frequency spectrum, providing a suitable explanation on the basis of resonant coupling effects among a fundamental set of normal modes.
Another interesting result of this work regards the relationship between the spatial distribution of the normal modes amplitudes and their related transport properties. The richness of the frequency spectrum associated with FQCs is illustrated by the existence of a great variety of critical normal modes, exhibiting quite different physical behaviors, which range from highly conducting extended states, satisfying the transparency condition tϭ1 for any value of N, to almost transparent states, whose transmission coefficient oscillates periodically between two extreme values depending on the system length.
With regard to the contribution of the different normal modes to the thermal transport through FQCs we can highlight the following results. In the first place, the highly fragmented structure of the frequency spectrum has a significant influence in the cumulative contribution of the different normal modes to the thermal transport. In the second place, we find that the value of the transmission coefficient alone should not be considered as a definitive criterion when determining the thermal transport efficiency of an arbitrary normal mode, as is conveniently illustrated by the presence of a set of normal modes exhibiting high transmission coefficient values ͑but a poorly conductive character͒ in the highfrequency region of the spectrum ͑see Figs. 2, 4 , and 5͒. In the third place, the sudden enhancement of the thermal coefficicient K around the resonance frequencies clearly indicates the importance of the collective resonant motion determined by the fundamental normal modes associated with the set of trimers and tetramers introduced in Sec. III to the thermal conductivity of FQCs.
We have also introduced an analytical aproach which allows us to properly describe the dependence of the (T) curve on the temperature over a wide temperature range, as a superposition of different contributions associated with each normal mode present in the system at a given temperature. According to expression ͑18͒ all these contributions have a similar mathematical dependence with temperature, but their relative contribution to the final thermal conductivity of the FQC is weighed by the i 2 factor. Since the number of allowed states available at a given temperature is prescribed by the fractal pattern of the frequency spectrum, expression ͑18͒ provides a clear physical picture of the way the self-similar nature of the phonon spectrum influences the overall behavior of the thermal conductivity curve of FQCs over a wide temperature range.
To conclude we shall briefly consider the applicability of some of our results to decagonal ͑2D͒ and icosahedral ͑3D͒ quasicrystals. From a broad perspective, we can invoke some fundamental reasons supporting the use of one-dimensional models as a first approximation to the study of realistic quasicrystalline systems. In fact, in the light of Conway's theorem, both the fractal structure of the frequency spectra and the existence of critical states can be explained in terms of resonant coupling effects. 49, 50 Therefore, the physical mechanisms at work are not so dependent on the dimension of the system, but are mainly determined by the self-similarity of the underlying structure. 10 Consequently, in order to ascertain whether some of the purported anomalies in the thermal transport properties of quasicrystals are directly related to the kind of order present in their structure ͑a basic point for any general theory of quasicrystalline matter͒, the results obtained with our 1D model may be considered as quite representative, for such models encompass, in the simplest possible manner, most of the novel physics attributable to the quasiperiodic order. 
